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In this paper we compute the orientable genus of the line graph of a graph G, 
when G is a tree and a 2-edge connected graph, all the vertices of which have 
their degrees equal to 2, 3, 6, or 11 modulo 12, and either G can be imbedded 
with triangular faces only or G is a bipartite graph which can be imbedded with 
squares only as faces. In the other cases, we give an upper bound of the genus 
of line graphs. In this way, we solve the question of the Hamiltonian genus 
of the complete graph K, , for every IZ > 3. 
In this paper, we study the problem of the orientable genus of the line 
graph of a graph, which has no multiple edge and no loop. First, we tell a 
few words about graphs which have a cut edge, and especially, the trees. 
In Section 2, we describe a method which guides us from a minimal orientable 
imbedding of a 2-edge connected graph to an orientable imbedding of its 
line graph. The study of this method leads us to the solution of the question 
of the Wamiltonian-orientable genus of the complete graph K, , for every 
n > 3. 
Moreover, we show that by using the described method we get a minimal 
imbedding and then the exact orientable genus of LG, in the following cases: 
G can be triangularly imbedded into an orientable surface, and the degree 
d(v) of each vertex z, in G is equal to 2, 3, 6, or 11 modulo 12. 
G is a bipartite graph which is minimally imbedded with squares only 
as faces and satisfies the same condition about the degrees of its vertices 
as above. 
The basic reference book is “Map Color theorem” by Ringel [l] and will 
be especially useful in Section 3. 
Throughout this paper, V(G) denotes the set of all the vertices of the graph 
G, and y(G) the orientable genus of G that is the minimum of the genera of 
the orientable surfaces into which G can be 2-cell imbedded. 
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1. IMBEDDING OF LINE GRAPHS AND CUT EDGES 
Assume that the graph G, which we supposed connected, has a cut edge 
(a, b). Let A and B denote the two following induced subgraphs of G: the 
vertices of A are the vertex b and the vertices of G which are joined to a by 
a path which does not contain b. The vertices of B are the vertex a and the 
vertices of G which are joined to b by a path which does not contain a. 
The edge (a, b) is the only one in A n B. Therefore, LA and LB are two sub- 
graphs of LG, with only one cut vertex in common; from the theorem about 
the additivity of the genus of a graph (see [2]), we deduce that y(LG) = 
y(LA) + yGB). 
Assume now that G is a tree; we know by Krausz’ theorem that the maximal 
complete subgraphs of order 2-2 in LG form a partition of the edges of LG. 
Every two of these complete subgraphs have at most one vertex in common, 
which will be a cut vertex, since G is a tree. Consequently, we have 
y(LG) = C y(Kdcu)) whenever G is a tree. 
OE V( G) 
In the following sections of this paper, we assume that G is a 2-edge-connected 
graph (i.e., it has no cut edge). 
2. How TO FIND A ~-CELL IMBEDDING OF LG 
Let G be a graph that we suppose 2-cell imbedded into an orientable 
surface S of genus y(G). We now identify G with the subset of S, which realizes 
this imbedding of G. We describe a method which leads us from this minimal 
imbedding of G to an orientable imbedding of its line graph LG. 
2.1. Put a new vertex X, on each edge e of G. 
2.2. Let f be any face of G; it is a 2-cell delimited by a cycle 
(PI , e2 ,..., el,) where each ei is an edge of G. Then construct the cycle 
(xel , XP? >...> .x,~) inside the face f, as shown in Fig. 1. This cycle determines 
a new 2-cell enclosed in f. Do the same for each face of G. 
At this stage of the description, we have to note that the construction 
described above implies the creation of a cycle of length d(v) around each 
vertex u of G, with d(v) > 3. More precisely, let u1 , ug ,..., zll , denote the 
edges of G incident to a; then we get the cycle (xU, , xY2 ,..., x,J. 
The triangles (u, xUZ , xul) and (v, xUi , xUi+,) with i = 1, 2 ,..., I - I, 
determine each a 2-cell of S. This implies that the cycle around u determines 
a 2-ceh of S, which contains the vertex u of G (see [I]). 
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FIGURE 1 
2.3. Now consider the graph G’, the vertices of which are all the x, 
defined in 2.1 and the edges of which are those constructed in 2.2. G’ is 
obviously 2-cell imbedded into S and the faces for that imbedding can be 
partitionned into two different classes: 
Class 1. The class Cl of the faces delimited by the cycles constructed 
inside each face of G. Consequently, Cl is in a one-to-one onto corre- 
spondance with the set of the faces of G, and this correspondance preserves 
the length of the faces. 
Class 2. The class C2 of the faces delimited by the cycles created around 
the vertices of G, with degree at least 3. Consequently, C2 is in a one-to-one 
onto correspondence with the set of the vertices, with a degree at least 3 in 
6; the length of a face in C2 is the degree of the corresponding vertex. 
2.4. Take any face in C2, denoted fv , corresponding to the vertex 
z: in G. Assume that there is a 2-cell imbedding of i&(O) into an orientable 
surface such that at least one face is delimited by a Hamiltonian cycle. Then 
identify this face with f, and obviously the Hamiltonian cycle delimiting 
it with cycle of length d(u), which determines fQ . 
Thus, we obtain a new graph, which is obvuously LG, imbedded into an 
orientable surface. From this method, we can compute an upper bound 
of the genus of LG. Let yH(K&) denote the minimum of the genera of the 
orientable surfaces into which K, can be imbedded with at least one face 
delimited by a Hamiltonian cycle (which we could call a Hamiltonian face). 
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In the next section we compute yH(Kn) for every n > 3. Then we get the 
following inequality: 
Note that our method is nothing but a generalization of the well-known 
method of drawing the line graph of a cubic planar graph; from our inequlity 
we deduce the no less well-known property that the line graph of a cubic 
planar graph is planar. 
3. THE HAMILTONIAN-ORIENTABLE GENUS OF K, 
The method described in the former section is conditionned to the fact 
that there exists, for every IZ > 3, a 2-cell imbedding of K, into an orientable 
surface, with at least one Hamiltonian cycle as a face; it is what we call 
a Hamiltonian imbedding of K, , and the number yH(Kn), defined above, 
will obviously be called Hamiltonian-orientable genus of K, . 
The basic idea to solve this problem is the following: If there exists an 
imbedding of K,,, for which at least one vertex is incident to triangular faces 
only, then the union of these triangles is a 2-cell; so, excise it and instead use 
a 2-cell without any vertex or jordan curve on it (that means that you 
delete the vertex in question and all the edges which are incident to it). 
It is an easy thing to verify that you thus get a Hamiltonian imbedding of K, . 
Moreover, we have the following result: 
LEMMA. If there exists a vertex of KnT1 , which is incident to trianguiar 
faces only in a minimal imbedding of K,,, , then yH(Kn) = Y(K~+~). 
Proof. We have already shown how to deduce from these assumptions 
about K,+, a Hamiltonian imbedding of K, . Therefore yH(Kn) exists and 
yx(K,) < Y(K,+~). Assume that yH(Kn) < y(K,+J. Consider a minimal 
Hamiltonian imbedding of K, and add a new vertex inside the Hamiltonian 
face and join it to all the vertices of the Hamiltonian cycle. In this way, 
you obtain a 2-cell imbedding of K,,, into an orientable surface with genus 
Y&G) < AK+,). 
In order to solve entirely the question of Hamiltonian genus of complete 
graphs we must now prove the following theorem: 
THEOREM. For every integer n > 3, there is an imbeddirlg of K, into an 
orietztable surface of genus y(K,> such that at least one vertex is incidertt to 
triangular faces only. 
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Proof. First, we prove that the theorem holds for n 3 21 and then we 
look at the other cases. 
(1) Assume that K, (we do not suppose anything about ~1, just now) 
is minimally imbedded and denote 01~ the number of faces of length i for that 
imbedding. The following equalities hold: 
which implies 
n(n - 1) = C i * ai , 
i>3 
a3 = 
n(n - 1) 
3 
where E(K,) is the characteristic of the surface of genus y(K,); 
where 0 < yn. < 11. From all these equalities, we deduce 
q& = 2 c (i - 3) . alli = 2 . cx4 f 4 . a5 t 6 . CQ, -+ 8 . 01~ + 10 . a3 
is 
because of the constraints on y, . 
Now, we ask the question: What is the maximum nuber of vertices which 
can be incident to at least one face with length 3 4.. The answer to this 
question is in the solution of the following linear programm: Find the maxi- 
mum value of the linear function 
where all the LX< are integers and with the linear constraint: 
It is easy to compute that this maximum value is 20. Consequently, for every 
integer rz > 21, and in any minimal imbedding of K, , one vertex at least is 
incident to triangular faces only. 
(2) Assume now that 3 < II < 20 and let us have a look at each case: 
For n = 3, 4, 7, 12, 15, 16, 19, K, is triangularly imbeddable and thus 
verifies the property. 
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For n = 5, the following scheme defines a rotation which induce an 
imbedding of KS into the torus, such that 0 is incident to triangular faces only: 
0.1234 
I .4320 
2.4301 
3.1402 
4.2403 
For n = 6, the following scheme defines a rotation which induces an 
imbedding of KG into the torus such that all the faces indicent to the vertex 0 
are triangular: 
0.12345 
1.32054 
2.14530 
3.02514 
4.50312 
5.32104 
For IZ = 8, we know that K, is minimally imbedded with triangles and 
two vertex-disjoint squares as faces; let (&cd) denote one of these squares, 
where a, b, c, and d are vertices of K, . Consider the edge joining a and c; 
it is incident to two triangular faces (acx) and (aye). The vertex y is not b, 
for if it was, the rotation at the vertex c induced by the imbedding of K, 
would be: . . . . b, a ,.... But, since (abed) is a face for this imbedding, the 
rotation at the vertex c is: . . . . b, d ,.... For similar reasons, y cannot be the 
vertex d. Consequently, if you delete the edge joining a and c, and put it 
inside the face (abed), you get a new minimal imbeeding of K, for which the 
faces are triangles and two squares which are incident to seven vertices 
at most; one vertex at least is then incident to triangular faces only. 
For n = 9, consider the minimal imbedding of K8 with triangles and two 
vertex-disjoint squares as vaces; add a new vertex x and joint it to all the 
others as shown in Fig. 2: We get a minimal imbedding of KS for which the 
vertex a is incident to triangular faces only. 
For n = 10, 11, 13, 14, see [I, pp. 80-841; with the described rotations, 
it is easy to find a good vertex for each case. 
For n = 17, 18, 20, there is a triangular imbedding of Kl, - K2 (see [l]), 
and since yIs = 6, ~~~ = 4, the existence of a good vertex is made sure by 
solving the corresponding linear programm described in the first part of 
the proof. 
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FIGURE 2 
Since y&J = Y(&), we may rewrite the upper bound given by our 
method for the orientable genus of line graphs: 
4. SOME REGULAR CASES 
In this section, we study some special cases for which the method described 
in Section 2 leads to the exact orientable genus of line graphs. 
THEOREM 1. Assume that G is a graph, all the certices of which haue their 
degrees equal to 2, 3, 6, or 11 module 12, and that G can be triangularly 
imbedded into an orientable surface. Then we hare 
Proof. If you apply the described method, the faces of Cl will be trian- 
gular; then you must find a Hamiltonian imbedding of K, , with 12 = 2, 3, 6, 
or 11 modulo 12. According to the former section, there is an imbedding of 
such K, into a surface of genus y(K,+& with exactly one Hamiltonian face 
and triangles as the other faces, and such an imbedding is minimal. There- 
fore, when you identify the C2 faces with the Hamiltonian faces of such K, , 
as described in 2.4, you get a triangular imbedding of LG, which is obviously 
a minimal one. 
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COROLLARY 1. If n = 0, 3, 4, or 7 module 12, then 
ProoJ The proof is a direct consequence of Theorem I and the regular 
cases of the solution of the Heawood map color problem in the orientable 
case. 
COROLLARY 2. If n = 7 module 12, m = 3’i, and K,(,,) denotes the 
complete n-par&e graph with nm vertices, then 
ProoJ: It has been shown in [3] that K 12S+,(3k) can be triangularly imbedded 
into an orientable surface; it is easy to verify that the degree of any vertex 
of Qrn) is equal to 6 modulo 12. 
THEOREM 2. Assume that G is a bipartite graph, all the vertices of which 
have their degrees equal to 2, 3, 6, or 11 module 12, and that G can be imbedded 
into an orientable surface with squares only as faces; then 
#,G) = y(G) + C (d(v) - “+) - 3, . 
2iE V(G) 
ProoJ: (1) In order to get a minimal imbedding of LG: we have to 
determine a maximum number of faces for LG. Let us first compute the 
greatest number of faces that we can hope for an imbedding of the line graph 
of a bipartite graph, G. First, note that we may color the vertices of G with 
two colors, blue and red, such that two adjacent vertices have distinct 
colors. By Krausz’ theorem, and since there is not vertex of degree 1 in G, 
there is a one-to-one onto correspondance between the vertices of G and the 
maximal complete subgraphs of LG. Then put the color blue (resp. red) 
on the edges of the maximal complete subgraphs of LG corresponding to 
the blue vertices of G (resp. the red ones). Note that all the triangles of LG 
must be one-colored: indeed, assume there is, in LG, a bicolored triangle 
with three edges (u, u), (v, w), and (MI, u), respectively, blue, blue, and red. 
Then u and zi are two edges of G which are incident to the same blue vertex, 
in G, this implies either the existence of a triangle or the existence of two 
edges with both the same extremities. Both events cannot be for a bipartite 
graph which has no multiple edge. 
Let us consider, now, any vertex x of LG and the set of all the edges of 
LG that are incident to x. We can assume that these edges do not have the 
same color on them since the contrary would imply the existence of a vertex 
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with degree 1 in G. If p denotes the rotation induced at the vertex x by an 
orientable imbedding of LG, define an angle at x as an ordered pair (u, a) 
of edges incident to x, such that p(u) = v; denote a(x) the number of angles 
at x for the imbedding of LG. Obviously U(X) = d(x). 
Since all the edges incident to x do not have the same color, there are at 
least two bicolored angles at X. Each of these bicolored angles corresponds 
to a face incident to x with length at least four. Now assume that there are at 
each vertex x of LG, exactly two bicolored angles corresponding to faces 
(necessarily distinct) of length four; also assume that each one-colored 
angle at each vertex x (the number of these angles is d(~) - 2) corresponds 
to a triangular face. It is obvious that we get so the maximum number of 
faces that we could hope in an imbedding of LG. Then if such an 
imbedding is realizable, it is necessarily minimal. Now let us compute 
the number of faces for such an imbedding: Let m, S, T, denote, respectively, 
the number of edges in G (and then the number of vertices in LG), the number 
of squares in the imbedding of LG described above: and the number of 
triangular faces. Since each vertex of LG is incident to exactly two squares, 
we have S = m/2. Since the number of edges in LG is 
and 3T + 4S is twice this number, we can easily find that 
(2) Now we consider that LG is imbedded with our method. We note 
that in this way, LG is imbedded with only squares and triangles as faces. 
The squares are the class l-faces, since G is minimally imbedded with squares 
only. Because of the conditions about the degrees of the vertices of G, the 
Hamiltonian imbedding of each Kdcv) has exactly one Hamiltonian face; 
all the other ones are triangular. It then becomes easy to compute the 
squares and triangles we have. Since the squares are in a one-to-one onto 
correspondance with the squares of the imbedding of G, we have exactly 
nz/2 squares in our imbedding of LG (m is still the number of edges in G). 
For each vertex v of G, there are exactly ~J((zj) . (n(v) + 1),!3 triangles 
in a triangular imbedding of Kd(u)+l . Therefore, there are exactly 
(d(v) . (d’(v) + 1)/3) - d(u) triangles in a minimal Hamiltonian imbedding 
of Kdcti) . Finally the number of triangular faces in our imbedding of LG, 
will be Coer+) d(u) . (d(v) - 2)/3. This is the exact number of faces that we 
have computed in the first part of the proof as the greatest one that we could 
hope in for an orientable imbedding of LG. This fact proves that our method 
gives a minimal imbedding of LG. 
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COROLLARY 3. If (p - 2)(q - 2) = 0 module 4, p = 2, 3, 6, or 11 
module 12, and q = 2,3,6, or 11 module 12, then 
YWG,,) = Pq(P + q - 7) + 12 12 
Proof. The first condition assures that K,,, can be imbedded with 
squares only as faces (see [4]); the others, that the degrees of all the vertices 
of K,,, satisfy the conditions of Theorem 2. 
As a conclusion for this paper we can say that it seems reasonable to think 
that our method leads to a minimal imbedding of LG when G is a 2-edge 
connected graph, the vertices of which have their degrees equal to 2, 3, 6, 
or 11 modulo 12, without assuming anything about the faces of a minimal 
imbedding of G, since, in this way, we add only triangular faces to the previous 
faces (class 1) of a minimal imbedding of G. 
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